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Abstract 

The asymptotic discrimination problem of two quantum states is studied in the setting 
where measurements are required to be invariant under some symmetry group of the 
system. We consider various asymptotic error exponents in connection with the problems 
of the Chernoff bound, the Hoeffding bound and Stein's lemma, and derive bounds on 
these quantities in terms of their corresponding statistical distance measures. A special 
emphasis is put on the comparison of the performances of group- invariant and unrestricted 
measurements. 
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1 Introduction 

In the asymptotic framework of (quantum) state discrimination, one is provided with several 
copies of a quantum system and with the knowledge that the state of the system is either 
po (null hypothesis Hq) or pi (alternative hypothesis Hi). One's aim is to decide, based on 
measurements on the copies, which one the true state is. For simplicity, we will assume here 
that the Hilbert space TC of the system is finite dimensional, and hence the states can be 
represented by density operators p^ that satisfy Pk{A) = Tr pf^A for any observable A G B(7i) 
and k = 1,2. A measurement on n copies is given by a binary positive operator valued 
measure (POVM) (T, I-T) with T e B{H'^'^), 0<T <I, where T corresponds to accepting 
Po and / — T to accepting pi . An erroneous decision is made if Hq is accepted when it is false 
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(error of the first kind) or the other way around (error of the second kind) . The probabihties 
of these events are given by 

/3o,n(T) := pT{I - T), /3i,„(T) := pf"(T). 

The optimal asymptotic performance in a state discrimination problem can be defined 
in various ways, depending on whether or not the two hypotheses are treated as of equal 
importance. Usually, one is interested in the exponential decay rates of the above error 
probabilities or combinations of them, in the n — > c« limit. The most studied quantities are 
the following: 

(i) the optimal exponential decay rate of the sum of the two kinds of error probabilities 
(Chernoff bound), 

(ii) the optimal exponential decay rate of the error probabilities of the second kind under the 
assumption that the error probabilities of the first kind decay with a given exponential 
speed (Hoeffding bound), 

(iii) the optimal exponential decay rate of the error probabilities of the second kind under the 
assumption that the error probabilities of the first kind vanish asymptotically (Stein's 
lemma) . 

The quantum problem of Stein's lemma was solved in [181 128j (see also |12]). where it was 
shown that the optimal error bound is equal to the relative entropy of the two states, hence 
providing an operational interpretation of the relative entropy. Recently, the solution of the 
quantum problem of the Chernoff bound O [26] created a renewed interest in hypothesis 
testing problems. The techniques developed in [3l |26] were also used in [Ml |23] to solve the 
quantum problem of the Hoeffding bound, improving a weaker bound previously given in 
|27j . The optimal error bounds in these cases are the Chernoff distance and the Hoeffding 
distance, respectively. All these results deal with the case where one is allowed to perform 
any collective measurement to discriminate i.i.d. (independent and identically distributed) 
extensions of the states po and pi. Various extensions to non-i.i.d. scenarios were also treated 
in the works [6l [HI [HI [T71 [191 [211 [22]. Note that the present formulation describes only the 
simple hypothesis testing problem, i.e., when both the null and the alternative hypotheses 
are a single state of the system. Some results in the case where one of the hypotheses is 
composite (i.e., a subset of the state space) were obtained e.g., in [7l[8l[9]. 

The purpose of the present paper is to treat the optimal error exponents (i), (ii), and 
(iii) in the case where the states to discriminate are still i.i.d. extensions of the two simple 
hypotheses but measurements are restricted to those invariant under the action of some 
symmetry group of the system. As symmetries and dynamics are described in the same way 
in the algebraic formalism, this setting also contains the case where one is only able to measure 
functions of the energy. Indeed, the group in this case is the dynamical group generated by 
the Hamiltonian of the system, and invariant measurements are exactly those that commute 
with the Hamilton operator. Hypothesis testing with group-invariant measurements has 
applications to the entanglement testing problem, as it was shown in |15j . 

The structure of the paper is as follows. In Section [2] we give a detailed formulation of 
the problem. As it was shown in [17], the key to solve the state discrimination problems 
is to determine the asymptotic Renyi relative entropies. This is carried out for the present 
scenario in Section [3l and the results are used in Section [4] to give bounds on the various 



2 



error exponents. In particular, we provide a complete solution to the problem of Stein's 
lemma. In Section [5] we analyze the case where the alternative hypothesis is invariant under 
the symmetry group and in Section [6] we show some examples to compare the performances 
of restricted and unrestricted measurements. 

2 Formulation of the problem 

Let Ti. he a finite-dimensional Hilbert space with d := dimTC and let Tr be the usual trace 
on B{7i). Let u : G ^ BiTL) be a unitary representation it of a group G on Ti. Since G can 
be replaced without loss of generality by the closure of {ug : g G G} in the unitary group of 
B{TC), we may and do assume that G is a compact group. For each n G N consider the n-fold 
tensor product representation ti®" : g m®" S B{7i)'^'^, g £ G, and define a subalgebra An 
of = Bin^"") as the commutant of uf", g e G, i.e., 

An := {A G ^(H)®" : Auf"" = uf^'A, g £ G}. 

That is. An is the fixed point subalgebra of i3(7^)®'' under the action Adu®" := 

uf"^ ■ u*g'^"', g £ G. Then C ^2 C • • • by natural inclusions. Note that An ® Am C An+m 
for any n, m G N. In particular, Af'^ C An, G N. 

Let E^^ be the conditional expectation from B{7i)®'^ onto An with respect to the trace 
Tr. Note that Ej^^ can be written in the integral form 

Ea„{X)= [ uf^Xul^^dg, XeB{nr^, (2.1) 

where dg is the Haar probability measure on G. Let G denote the representation ring con- 
sisting of all unitary equivalence classes of irreducible representations of G. For each n G N 
the n-fold tensor product representation u*^" is decomposed into irreducible components as 

(g)ri M (n) ^ (n) (n) ^ ^ (n) (n) 

U = m\ U\ © 771,2 ^2 ffi ■ ■ ■ © '^k ' 

where u-"^ G G, 1 < i < are contained in u®" with multiplicities rnf'\ For 1 < i < kn 
let d-""^ be the dimension of u^"^ so that we have Yli=i 

"^dj") = and we can identify An 

with 

^n = M , (2.2) 

1=1 

where := B{C''), A; G N. Then the conditional expectation E^s,,, : B{n)®'^ A n given m 
(j2.ip is rewritten as 

EaSX) = Y.e\^\p'>''^Xp'>^^), XGB{n)®^, (2.3) 

i=l 

where P-^"^ is the orthogonal projection onto the subspace corresponding to m^"''n-"^ in the 
decomposition (12. 2p . i.e., p/"^ is the identity I („) I („) of M („) (g) / ,(n), and is the 
partial trace or the conditional expectation from M („) ig) M („) onto M („) (E> Im with 
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respect to the trace. As is well known (see |29j for a detailed proof), the representation ring 
of any compact group has polynomial growth so that we have 



hm ilogfVdS")) 



(2.4) 



Consider now the hypothesis testing problem with null hypothesis /Oq and alternative 
hypothesis pi, as described in the Introduction. We will be interested in the quantities 



,n(T„))}, 



Cg(po, Pi) ■= inf < liminf - log (/3o,n(7'n.) + /3i 
Cg{po,Pi) ■= inf Ilimsup-log(/5o,n(r„) + /3i,n(7'n)) }, 

{Til} I, n— >oo n 

Cg{po,Pi) ■■= inf I lim -log {Po^n{Tn) + (3l,n{Tn)) 
{T„} [n-^oo n 



(2.5) 
(2.6) 
(2.7) 



corresponding to the problem of the Chernoff hound, 



hair I Po II Pi) ■= inf <! liminf - log/?i,„(T„ 



{T„} I n->oo n 



1 



r>0, (2.i 



hair I Po II Pi) ■= inf < lim sup - log/3i,„(r, 



{Tn} 



n 



limsup-log/3o,n(r„) < -r 

n— ►oo 

limsup-log/3o,n(7;) < -r !>, r > 0, (2.9) 



^g('' I Po II Pi) := inf < lim - log /?i,„(r„) 
{T„} [n^oo n 



1 



limsupilog/3o,n(r„) <-r}, r > 0, (2.10) 

n— ♦oo 



corresponding to the problem of the Hoejfding bound, and 



Sg(Po II Pi) := inf <i liminf i log /3i,„(r„) 



{T„} I n-»oo n 



1 



{Tn} 



Sg(po II Pi) := inf < limsup - log/3i,„(r„) 



n 



lim -log/?o,n(T„) =0^, 

n^oo n J 

lim -log/3o,n(r„) =oj, 



1 



Sg(po||pi):= inf < lim - log /3i,„(T„) 

{T„} [n^oo n 



lim -log/3o,n(r„) = 

n— >oo fi 



(2.11) 
(2.12) 
(2.13) 



corresponding to the problem of Stein's lemma. Here, the infima are taken over sequences 
of G-invariant measurements {T„},igN with T„ G An, < < I. Note that posing G- 
invariance on the measurements to distinguish p®" from pf^ is equivalent to considering the 
discrimination of the G-invariant states 



(2.14) 



P,^^:=P^^oEa„, Pi,n ■■= pT o Ea^ 
with unrestricted measurements, as we have 

f3oAEA„{Tn)) = pT{I - EaATu)) = pTiEAM " W) = Po,n(/ - Tn) 

and similarly for Pi^n- Hence, the asymptotic problem with G-invariant measurements is 
equivalent to the asymptotic state discrimination problem of the two sequences of G-invariant 
states {po,n}nGN and {pi,n}neN- Note also that the families {pk,n}neN, k = 0,1 are compatible 



4 



in the sense that Pk,m\B(H)'^" ~ Pk,n, m > n. Therefore, they extend uniquely to states 
Pk^oa on the infinite spin chain algebra B{7i)'^°° such that pk^n is the n-site restriction of 
Pk,oo- Hence, the above hypothesis testing problem can also be considered as discriminating 
the global states /Oq.oo and pi^oo with local measurements on an increasing number of sites. 
Obviously, the unrestricted i.i.d. discrimination problem corresponds to G = {e} being the 
trivial group. In this case we will omit the subscript G from the notations for the error 
exponents (f23]) ^ (f2l^ . 

3 Asymptotic distance measures 

Let n be a unitary representation of a compact group G on 7i as given in Section 2, and 
let po and pi be two states on B{Ti.) with the density matrices po and pi. We consider the 
sequences of states {po,n}neN and {pi,n}nGN as defined in (j2.14p . Note that the densities pk,n 
of Pk,n with respect to Tr are given as pk^n = Ej\^^{pf"), k = 0,1. Define 

V'n(s) := iogTrp^y^;^', s G M, n G N, 

where p^ „ and p\~^ are defined for all s G M with convention 0* = for all s G M. In 
particular, we write supp/9i^„ := Pi^ for the support projection of pi^n- Also, we define the 
^/j-function in the unrestricted setting as 

:= logTrpgpJ-^ s G M, n G N. 

Furthermore, let 

V^(s) := lim -Ms) (3.1) 

n— >oo n 

whenever the limit exists. Note that il^n is finite and convex on M as long as po,n and pi^„ 
(more precisely, their supports) are not orthogonal (otherwise, 'i/'n. is identically — oo). Hence 
■0 is convex on any interval where it exists with values in [— oo, +oo). Also, note that if po.n 
and pi^n are orthogonal, then the same holds for any m> n. 

Lemma 3.1. (1) The sequence tpnis), n £ N, is subadditive for any s G [0,1]. Hence the 
limit ()3.ip exists and 

tpis) = lim -ipnis) = inf -V'n(s), s G [0, 1]. 
n^oo n n>l n 

Furthermore, if po end pi are not orthogonal, then 1^(3) is finite with ip°{s) < ip{s) < il^i{s) 
for all s G [0, 1] . 

(2) Assume that supppi is G-invariant (i.e., p\ G Ai), or that is faithful for all n. 
Then the sequence tpnis), n G N, is superadditive for any s G [1,2]. Hence the limit ()3.ip 
exists and ^ ^ 

tpis) = lim -ipnis) = sup -ipn{s), SG [1,2]. 

n^oo n n>l n 

Furthermore, i/supppi is G-invariant and po and pi are not orthogonal, then ip{s) is finite 
with ip°{s) > ip{s) > V'i(s) for all s G [1,2]. 
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Proof. (1) Let < s < 1. By Lieb's concavity theorem [20j (see also the Appendix A.l), 
the function {A,B) TrA'B^"" is jointly concave on the set of {A,B) G x 
i3(7t:)®"+™, A,B >0. Note that the conditional expectation Eji^^^^m = ^ is the 
average of Ad(n^" (g) n?™") by the measure dg ® dg' on G x G (see ()2.ip ). Since 



PO,n+mHl,n+m 



, 1-s 



for all g, g' G G, Lieb's concavity implies that 

Tr Po,n+mPl,n+m ^ Tr (£'^,^g,_4„ (/5o,„+m)) * (Pl,n+m)) ^ 

= Tr(/5o,n (8) PO,niY{Pl,n ® Pl,mY~'' 

SO that iljn+m{s) < ^n('S) + ipmis)- Furthermore, by the same argument as above, we have 

(TYpgpi-)" = Tr(prr (pD'"' < HEAMnnEAApT))'" = Trpg,„/5}-^ 
and hence 

i;°{s)<mf-iJn{s)=Hs), se[0,l]. (3.2) 

n>l n 

In particular, ip°{s) < ^(s) < ^i{s) so that ^(s) is finite if po and pi are not orthogonal. 
(2) Let 1 < s < 2 and assume that supp pi is G-invariant. By functional calculus, 

{uf-pruf-)' = {{ughuDT'^ = {ugpiuir- = (/)?)^^ 

which yields „ = (/S?)*^" for all n G N. By the same argument, ((u®" (g)uS'")/)i^„+m(?iq®" (8> 



u*fm^^o = (^0)^(n+m) g^g' (zQ and n, m G N. In particular, the support of o 

Ad(ii^"' (8) u^™) is the same for all g, g' G G. This holds trivially also if pi^n is faithful for all 
n. Now, the proof is similar to the above by applying Lemma lA.ll of the Appendix instead 
of Lieb's theorem. The proof of the remaining part is also similar. □ 

Corollary 3.2. //supppo ^ supppi then tjj is left- continuous at 1 as 

limV'(s) = ^(1) = 0. 
sy-i 

Similarly, supppo ^ supppi implies the right continuity of tp at 0. If supp pi is G-invariant 
and po, pi are not orthogonal (in particular, if pi is faithful), then ip is continuous at 1. 

Proof. Assume that supppo < supppi. Then ipn{^) = for all n G N, and hence ip{l) = 0. 
By (|3.2p and the convexity of ip, 

= V'°(l) = lim V°(s) < lim V(s) < ipil) = 0, 

and hence is left-continuous at 1. The proof of the second assertions is similar. Assume 
the conditions in the last assertion. Then ^ is a finite- valued convex function on [0, 2] by 
Lemma [3T| so that the continuity at 1 is obvious. □ 
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The Renyi relative entropy of order a G M \ {1} of po.n with respect to pi^n is defined as 

1 1 

Sa{pO,n \\pi,n) ■= -^—^logTip^„^p\-°' = -^^^V'nCa). 

By Lemma [3 .11 the Renyi relative entropies with parameter between and 1 are superadditive: 

,n+m II Pl,n+m ,n II Pl,n ,m II Pl,m 

), n,m£N, a£ [0,1), (3.3) 
and the mean Renyi relative entropy of order a exists for any a G [0, 1): 

Sa,M{pO II Pi) := hm -Sa{po,n II Pl,n) = SUp -Saipo,n \\ Pl,n)- (3.4) 

n^oo n n>l n 

Similarly, if supppi is G-invariant or is faithful for all n, then (j3.3p and (j3.4p hold for 
the Renyi relative entropies with parameter a G (1,2]. One can easily see that 

lirn Saipo ,n II Pl,n ) = S {po^n II Pl,n) , 



where S {po^n \\ Pi,n) is the relative entropy of po,n with respect to pi^n, defined as 

S ipo,n II Pl,n) ■-- 



Trpo,n(logpo,n - log/5l,„) if SUpppo,n < SUpp/3i,„, 

+CXO otherwise. 



Hence the relative entropy is also superadditive: 

II Pl,n+m) > S (/3o,n || Pl,n) + S{po ,m II Pl,m 

), (3.5) 

and the mean relative entropy is given by 

Sm {po II Pi) ■= lim -S {po,n II Pl,n) = sup -S (/9o,n || Pl,n) ■ 

n^oo n „>i n 



Note that the superadditivity (j3.5p can also be shown by the monotonicity of the relative 
entropy. 

Remark 3.3. If we choose the maximally mixed state for pi (i.e., pi = d~^I(i), then (j3.3p 
gives the subadditivity 

Sa{pO,n+m) < Saipo,n) + Sa{po,m), n, m G N, a G [0, 1), 

where 

Saip) :=-^logTr/5° 
1 — a 

is the Renyi entropy of order a. This is of some interest since, as is well known |3H Chap. IX, 
§6], the Renyi entropy of order a is not subadditive in general except for the cases a = and 
a = 1 {Si denotes the von Neumann entropy). 

We define the Chernoff distance of po,n and pi^n as 

C{po,n,Pi,n) ■= - min V'n(s), 

0<s<l 
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and their Hoeffding distance with parameter r > as 

rri \ II ^ -tr-ipn{t) {q, II . tr 

H[r\pQ^n\\Pl,n) sup = sup < bt[PQ^n\\ Pl,n) - Z 7 

0<t<l i — t 0<t<l L i — t 

The mean versions of the above quantities are defined as 

Ca/(po,Pi) := lim -C(po,n, /Ci.n), 

n— >oo fi 

Hhiir I /Co II Pi) ■= lim -H{nr \ po,n || Pi,n), (3.6) 

n^oo n 

if the hmits exist. 

We also define the Legendre-Fenchel transforms (or the polar functions) 

ipn{a) := max {as — ipn{s)} and if{a):= snp {as — ijj{s)}, a G M. (3.7) 

0<s<l 0<s<l 

Note that 

C{po,n,Pl,n) = 9'n(0). 

Lemma 3.4. Let fn, n £ N, be a superadditive sequence of functions on an interval I. Let 
f{s) := lim„ i/„(s) = sup„ ^/^(s), the existence of which is guaranteed by superadditivity. 
Then ^ ^ 

sup/(s)= lim -sup/„(s) = sup-sup/n(s). 

sei n sei n n ^g/ 

Proof. Obviously, 

-sup/n(s) > -/n(i), neN, tel, 
n sal n 

and thus ^ ^ 

liminf-sup/„(s) > lim -/„(i) = /(i), t G /, 

which yields 

lim inf — sup /„(s) > sup/(s). 
n^oo n sei sei 

On the other hand, we have 

snpfis)>f{t)>-fn{t), nen,t£L, 
sei n 

and hence ^ 

sup/(s) > sup-sup/„(s), 

sei n>i n sei 

implying the assertion. □ 
Proposition 3.5. The sequence ^(fnina) converges for any a G M, and 

(p{a) = lim —(fn{na) = sup — (/9„(na), a G M. (3.8) 
n^oo n n n 
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Moreover, the mean Chernoff bound and the mean Hoeffding bound exist, and 

Cm{po,Pi) = sup -C(po,n, Pi,n) = ^(0) = - mf V(s), (3.9) 

n 0<s<l 

1 — sr — ip(s^ 
HMir \ po\\ pi) = sup-H{nr \ po^nW Pi,n) = sup , r > 0. (3.10) 

n n 0<s<l i — s 

Proof. For < s < 1, the sequence ipn{s), n E N, is subadditive by Lemma l3.ll This implies 
the superadditivity of the sequences 

fn{s) ■.= nas-il)n{s), < s < 1, 
-snr - iJnis) 

9n{s) ■■= , < S < 1, 

1 — s 

and Lemma [57^ can be apphed to obtain (j3.8|) and (|3.1U|) . When a = 0, (|3.8|) means (|3.9|) . □ 
Lemma 3.6. Assume that supp /3o,n < supp pi^n for all n G N. Then 

Hm{0 I po II pi) = d^ipil) = Sm {po II pi) , 
where d~'ip{l) is the left derivative of at 1. 

Proof. The assumption on the supports yields V'n(l) = for all n G N and by the convexity 
of the V'n, the functions s i— > ■ipn{t)/{t — 1) are monotonically increasing, and hence, 

H{0 I po,n II Pl,n) = sup = lini = ^-^^(l) = S (po,n || Pl,n) ■ 

0<t<l t - i t/l t — I 

Since this holds for all n G N, we have 

Hm{^ I Po II Pi) = Sm (po II Pi) , 
and H^i{0 \ po || pi) = d~ip{l) follows again from ip{l) = and the convexity of ip. □ 

Remark 3.7. Note that if supppo,n < supp pi, « does not hold for some n then it does not 
hold for any m > n, either. Indeed, if supp po,m. < supp pi_m then po,m < cpi^m for some 
c > 0, which implies that po,n < cpi_n for all n < m since Pk,m\A„ = Pk,n, k = 0,1. 

Let us also define the Legendre-Fenchel transforms 

(pn{o) '■= uiax {a{s — 1) — ^n('S)} and (p(a) := sup {a{s — 1) — i^is)}, a G M. 

l<*<3/2 l<s<3/2 

Lemma 3.8. //supppi is G-invariant and po,Pi are not orthogonal (in particular, if pi is 
faithful), then the sequence ^ipn{na) converges for any a G M, and 

lim —(pn{na) = (^(a), a G M. 

Proof. Lemma [3. II implies that ^^n('S) converges to ipi^) for every s G [0, 2] and ^ is a finite- 
valued convex function on [0,2]. Hence the convergence is uniform on [1,3/2], an interval 
inside (0, 2). Thus, 

lim —(pn{na)= lim max |a(s— 1) ipn{s) 

n~*co n "-♦oo l<s<3/2 [ n 

= max lim l a(s — 1) i^n(s) \- = ^p(a). □ 

l<s<3/2n^oo[ n ' 
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We close this section with the following: 

Remark 3.9. Note that is unchanged if the alternative hypothesis pi is replaced by 
pi o Ad Ug for any g £ G. Hence, by (j3.2p . 

4>°{s\po 11/91 o Ad Ug) < tP{s), s £ [0,1], g£G, 

where the above left-hand side denotes ip°{s) for the hypotheses po and pi o Ad Ug. From 
I^M) and (|3l^ one obtains 

Cm{po,Pi) < inf C(po,Pi o Adug) < C{po,pi), (3.11) 

HM{r\po\\pi)<mfH{r\po\\pioAdug)<H{r\po\\pi), r > 0, (3.12) 

g&G 

where 

C{po,pi) := - min ^°(s) and H {r \ po \\ pi) := sup 

0<s<l o<s<i 1 - s 

are the Chernoff and the Hoeffding distances in the unrestricted setting. Also, by the mono- 
tonicity of the relative entropy, 

Sm (po II Pi) < inf S {po II pi o Ad tig) < S {po \\ pi) . (3.13) 

geG 

Similar inequalities are valid for the error exponents (|2.5|) - (|2.13|) as well. For example, 

hair I Po II Pi) > sup7i(r | po \\ pi o Adug) > h{r \ po \\ pi), r > 0. 
gee 

4 Asymptotic error probabilities 

For each o G M, we define the corresponding minimal asymmetric error probability for the 
discrimination between pi^n and pi^n as 

-Pmin(o I PO,n ■ Pl,n) ■= min {e"'^" (3o,niTn) + /3l,n(r„)}, 

where /3o,n(7n) := Po,n{I — Tn) and /3i,n(7n) := Pi,n{Tn) are the error probabilities of the first 
and the second kinds for a test T^. One can easily see that 

-fmin(0' I PQ,n • Pl,n 

1 _)_ Q-na I 

= 2 2"^ "V0,n-Pl,n||l, (4.1) 

where Sn,a '■= {e~""/Oo,n — Pi,n > 0} is the spectral projection of the self-adjoint operator 
e~""'po,n — pi,n corresponding to the positive part of its spectrum. Sn,a is called a Neyman- 
Pearson test or Holevo-Helstrdm test. We define the minimal symmetric error probabilities 
as Pmm(po,n : Pi,n) ■= -Pmm(0 | po,n ■ Pi,n)- One can easily see that 

liminf - log Pmin(po,n : Pi,n) = Cg(po, Pi), (4.2) 

n— >oo n 

limsup - log Pmm{P0,n ■ Pl,n) = Cg{PO, Pi)- (4.3) 
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The results of [31 [26] on the ChernofF bound says that in the unrestricted case we have 

hm -logP^in(pr ■■ pD = -C{po,Pi) = min (4.4) 

n^oo n u i 0<s<l 

We start with the following general observation: 
Lemma 4.1. For any a G M, 

limsup - logPniin(a I Po,n ■ Pi,n) < -^{a), (4.5) 

n— >oo ^ 

1 ^ , ^ f2'(/'(l/2) ifa<0, , ^ 

hmmf - logPmin a po,n : > S ^ , ^ (4-6) 

"-^oo n (^2V'(l/2)-a ^/a>0. 

Proof. Let ^ and i? be positive semidefinite operators A and i3 on the same Hilbert space. 
By |3l Theorem 1], 

^Tr(A + S) - ^p- < TrA*B^-*, tG[0,l], (4.7) 

and by [U Theorem 7], 



Qp - iJlli)' + (Tr ^1/2^1/2)2 < Q Tr(A + S))' . 



(4.8) 



Let A := e"''"/9o,n and S := pi,n. Then, ([471) together with ([4T]) yields ((45l). On the other 
hand, by (|4.8|) we have 



2 

and hence, by (j4.ip . 



2l|e Po,n - Pl.nlli < W ^ j - e ""(Trpo;„Pi;„) 



P 1 + ( l + e-na y .1/2.1/2 



- 1 _L^-nal^^/^0,nPl,nj • 



-na 



1/2 .l/2\2 



1 + e 

Therefore, 



1/2 1/2 

liminf-logPmin(a|/Oo,n : Pi,n) > 2 lim - log Tr pg'„ p/„ + lim - log— — ■, 

which yields (j4.6|) . □ 

Note that —■0(1/2) < 99(0) = Cm{po, Pi)- By taking account of (|4.2p and (|4.3|) . Lemma 
14.11 with the choice a = yields the following: 
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Proposition 4.2. 

-2Cm{po,Pi) < Cg(po,Pi) <Cg{po,Pi) < -Cm{po,Pi)- 
Proposition 4.3. For any r > 0, 

ha{r I po II Pi) < -Huir \ Po II Pi)- 

Proof. Note that max{e""°-/3o,n(5'„,a), /3i,n(5'„,a)} < -Pmm(a| Po,n • Pi,n)5 and hence (j4.5p 
yields 

hmsup- log /^Cnl^n.a) < -</'(«) + 
n n 

limsup-log/3i,„(5„.a) < -y'(a). 
n n 

Therefore, 

"■gI?" I Po II Pi) < - sup Lp[a) = - sup — , 

a:ip(a)~a>T 0<s<l -L S 

where the last identity was shown, e.g., in the proof of [171 Theorem 4.8]. A detailed proof 
is given in Lemma I A. 2 1 of the Appendix. Finally, the right-hand side of the above inequality 
is equal to — ifA/(r | po || pi) by Proposition 13.51 □ 

The following theorem gives the solution of Stein's lemma in our setting: 

Theorem 4.4. Assume that supppo^n ^ supppi^„ for all n G N. Then 

SaiPo II Pi) = SaiPo II Pi) = Sg(po II Pi) = -Sm (po II Pi) • 

Proof. We have 

-Sm (po II Pi) < Sg(po II Pi) < Saipo II Pi) < Sg(po II Pi), 

where the first inequality follows, e.g., from [171 Proposition 5.2], and the rest are obvious by 
definitions. Note that Saipo II Pi) ^ ^g(0 | po || Pi) by definition. By taking account of Lemma 
13. 6^ Proposition 14.31 implies that 

Sg(po II Pi) < hciO | po || Pi) < --H'a/(0 | po || pi) = -Sm (po II Pi) • 

By the definition of sdpo II Pi), for each /c G N there exists a sequence of tests Tn^k, n G N, 
such that 

lim Po,n{Tn.k) = 0, limsup - log/?i,„(T„ fe) < -Sm (po II Pi) + y- 

n^oo ■ n^oo n K 

For each k, we can choose an G N such that for every n> n^, 

Po,n{Tn,k) <\, - log Pi •n{Tn,k) < -Sm (PO || Pi) + j;- 

K; ft Ki 

Here we may assume that ni < n2 < . . . , and we define T* := Tn^k if < n < n^+i, A; G N. 
Obviously, for this sequence of tests, 

lim PoA'^n) = 0, limsup - log/?i,„(r*) < -5a/ (po || pi) . 
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On the other hand, —5a/ {po\\ pi) < Sg(Po II Pi) yields 



and hence, 



This imphes that 



-Sm{po II Pi) < hminf-log/?i.„(r^). 



hm - logPi^niT*) = -Sm {po II Pi) 

n— >oo 77, 



saipo II Pi) < -Sm (po II pi) , 



which completes the proof. 



□ 



The problem of Stein's lemma can also be formulated in a slightly different way that is 
not completely equivalent to the above formulation. For each e G (0, 1) and n E N, define 
the quantity 



and 



,n II Pl,n) • — 

min{/?i,„(r„) ■.Tn£An,0<Tn< I, (3o,n{Tn) < e} 



SGe(PollPi) := inf <; liminf-log/?„(r, 



{T„} { n^oo n 



1 



0(n{Tn) - 



SG,e{po IIpi) := inf < lim sup - log /3„ (T^ 

{Til} I, n— »oo IT' 

One can easily see that 

liminf ilog/3e(po,n ||pi,n) = Sq^(po II Pi), limsup-log/?£(/3o,n II Pl,n) = Sg,^(po II Pi), 

n^oo 77 ' n^oo n 

and 

sup Sg,.(Po II Pi) = 1g(Po II Pi), supsG,,(po II Pi) = Sg(po II Pi)- 

e e 

Hence, Theorem 14.41 implies that if supp/9o,n ^ supppi^„ for all n then 

S-gAp^ II /'i) - ^G,.(po II Pi) < -Sm (po II pi) (4.9) 

for all £ G (0,1). 

Theorem 4.5. i/supppi is G-invariant and supppo ^ supppi (in particular, if pi is faith- 
ful) then 

-9+V(l) < lG,e(Po II Pi) < Sg,.(po II Pi) < -3^'0(1). 
Proof. In exactly the same way as in [28], one can show that 

!3i,n{Tn) > e""" f 1 - e - e''^-^"") 



for any test T„ that satisfies Po,n{Tn) < £• By Lemma [3^ 

lim —(pnina) = (pia) = max {a(s — 1) — V'(s)}- 

n-»oo 77 l<s<3/2 
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The latter is strictly positive if and only if a > and in this case (pn{na) > {n/2)(p{a) 

for every large enough n, and hence lim„ ipn{na) = +00. Hence, 

liminf - log/3i „(r„) > -a + lim - \og(l-e- e-'^"("")') = -a. 

n— >oo n ' n^oo n V / 

Since this is true for all a > d~^ip{l), we get Sq^{po\\ pi) > —d^ip{l). The rest of the 
inequalities are just a restatement of (j4.9p thanks to Lemma 13.61 □ 

Theorem 14.51 together with Lemma 13.61 yields immediately the following: 

Corollary 4.6. Assume that the conditions of Theorem \4-5\ hold and, moreover, that tp is 
differentiahle at 1. Then 

lim - \ogj3e{pQ,n II Pi,n) = -Sm (po || Pi) 

n— >oo fi 

for all e G (0, 1). 

We close this section with the following: 

Remark 4.7. The analysis in [T7j shows that if tjj exists and is differentiahle on the whole 
real line and d~'il){l) = Sm {po \\ Pi) (see Lemma ISTHj) then 

Cg(po,Pi) = Cg(po,Pi) = Cg(po,Pi) = - Cm{po,Pi), 
hcif I Po II Pi) = hair I Po II pi) = hG{r\ po \\ Pi) = - Huir \ po \\ pi), r > 0, 
1g(Po II Pi) = Sg(po II Pi) = Sg{po II Pi) = - Sm (po II Pi) • 

(Actually, it is enough to require the existence and differentiability of ip on the open interval 
(0, 1) to show the above identities based on the Gartner-Ellis theorem.) Note that (|4.2p and 
(|4.3p imply in this case that 

lim -logPmin(po,n : Pi,n) = "Ca/ (po, Pi)- (4.10) 

n— >oo n 

In Section [6] we will show some examples where ip can be explicitly computed and shown to 
be differentiahle on M, and hence the above identities hold. 



5 Asymptotic distance measures for an invariant alternative 
hypothesis 

As the examples of Section [6] will show, the performance of the G-invariant and the unre- 
stricted measurements can be very different in general. In particular, the states might be 
perfectly distinguishable by unrestricted measurements, while completely indistinguishable 
by G-invariant ones. As our following discussion shows, this cannot happen if the alternative 
hypothesis is invariant under the symmetry group. In the first part, we show that in this case 
G-invariant measurements perform just as well as unrestricted ones in the setting of Stein's 
lemma. This follows immediately from Theorem 15.11 thanks to Theorem 14.41 Although the 
same is not true for the settings of the Chernoff and the Hoeffding bounds (see Example 
16. 2p . it is still possible to establish a strong relation between the different performances in 
the setting of the Chernoff bound as is shown the second part of this section. 
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5.1 Mean relative entropy 

We prove the following partial extension of [181 Theorem 2.1], improving the arguments in 
[18j based on (j2.4p . In the proof, we use the same notations as defined in Section 2 for the 
irreducible decompositions of the tensor powers of the representation u. 

Theorem 5.1. If pi is G-invariant (i.e., pi G Ai), then 
SiPo II Pi) = Sm (po II Pi) 

= lim — sup\ S(po nls \\ Pi uIb) ■ B is an abelian subalgebra ofAn}- 

n—too n 

Proof. The monotonicity of the relative entropy implies that 

SiPo"" II Pf^) > S{pnfi II Pn,l) > S{po^n\B \\ Pl.nlc) 

for any subalgebra B C An and hence, 
S{po II pi) > Sm (po II Pi) 

> lim sup — sup{5(/9o,n|s II Pi.nle) '■ B is an abelian subalgebra of An}- 

n— >oo n 

The assumption pi G Ai implies that pf^ S An for all n G N. By (j2.2p . 

pi,n=pr = 0(A^"^0 with z?;")gm^(„). 

i=l 

With the spectral decomposition D-" = "^J^i ^ijPij for 1 < i < we define 

kn ' 

i i 

Let Bn denote the abelian subalgebra of An generated by 

i i 

Then, as in the proof of |18[ Lemma 3.1], we have 

nS{po II pi) = S{pT II pD = S{pT\b„ II pTIbJ + S{pT o £n) - Sip^^). (5.2) 
Similarly to |18t Lemma 3.2] we next prove that 

for any state uj on B{TL)'^'^. Note that S{uj o — S{ijj) = S{u) \\uj o £n) and hence, by the 
joint convexity of the relative entropy, it is enough to show (|5.3p for pure states. Assume 
thus that UJ = |'0)(V'l with some unit vector ■0 S W®". By (j2.3p we write 

EaA^) = ^eI-\A^^) with := |P/"V)(^^^"Vl G M^(„, M^(„) 

«=i 
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and = ® Lin) with ^ G M („, . The rank of B^""^ is equal to the Schmidt 

rank of the vector pj^^'^il^, which is upper bounded by d['^\ Hence the rank of eI"\a[^^) is 

at most (d^"^)^. One can also see that the number of different eigenvalues of pf "" is upper 

bounded by (n + l)"^ and hence if^^ < (^^ + l)"^, ^ < i ^ kn- Thus, by (15. ip . the rank of 

is upper bounded by {n+lf Y!l=i{dt'^ f and therefore, S{ujoSn)-S{uj) = S{ujo8n) 
is dominated by 

(n + l)-^ E(<^"^)' ) ^ ^ + 1) + 2 log ( E '^S^M • 
Now we apply ()5.3p to (|5.2p with the choice uj := pg"" use (|2.4p to obtain 

S{po\\pi) < liminf-5(po,n|B„ ||pi,n|B„), 
which completes the proof. □ 

5.2 Fidelity and ChernofF bound 

In this section we will discuss the minimal symmetric error probability based on the relation 
between the fidelity and the Chernoff bound in the setting with group symmetry. The fidelity 
of two states p and a on a matrix algebra is given by 

Fip,a) := Tv |pV2^i/2| ^ t,(^^i/2 ^^1/2^/2 ^ T,(^pi/2^pi/2y/2 ^ 

which is used as a distinguishability measure in quantum hypothesis testing. It is known (see 
[ini Theorem 1], [251 (9-110)]) that 



Furthermore, it is also well known (see |25l Theorem 9.6], [3^ Theorem 6.2]) that the fidelity 
F{p, a) is monotone increasing under trace-preserving completely positive maps. Hence we 
have 

F{po,n,Pi,n) > F{p^\pT) = F{po, piT. (5.5) 

The following inequality was proved in [U Theorem 6]. Here, we provide an alternative 
proof. 

Lemma 5.2. For every states p and a on B{7i) and for every < s < 1, 

Tr p'a^-' > F{p,af. 

Proof. By the fidelity formula with purifications due to Uhlmann (see [13^ Lemma 8.2], [25\ 
Theorem 9.4]), there are purifications and \ip){ip\ of p and a, respectively, such that 

F{p,a) = \{^,i;)\. 

By Lieb's concavity theorem (see the Appendix A.l for details), we then have 

Trp^a'-^ > Tri\^) {ip\n\^P){^P\y-^ = K^,^)p = Fip^af. □ 
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We need only the following ()5.7p with s = 1/2 for later use, but the extended inequalities 
are of some interest in themselves. 

Theorem 5.3. If pi is G-invariant (i.e., pi E Ai), then 

liminfilogTr|pg,„/5i-^| >logTV|pgpi-^| ^/O < s < 1/2, (5.6) 

limsup-logTY|pg„pi-^| <logTV|pgpi-^| 2/l/2<s<l. (5.7) 

n— >oo 

Proof. With the same notations as in Section 2, po.n is written as 



1=1 



(see (|2.3p ) while pi^n = pf^ G An by the assumption pi G ^i. 

First, we prove (|5.7|) . Since 1 < 2s < 2, note that x^'^ is an operator convex function on 
[0,+cx)). Hence we have < £^yt„((/5f")2') so that 

<Tr{E^„ipl;:ipTf'p\::))'^' 

1/2 

(5.8) 



Set := Pt^pl~n{pT f'pl"nPt^ for 1 < i < A;„. By Lemma D of the Appendix, for 



1 < i < A;„ there are unitaries U^"j^ S / («) M 1 < J < (d^^"^)^, such that 



Hence we have 



fc„ (-^ro^ \ 1/2 



,i=l / \i=l j=l 



i=i j=i 

= 5](df))2Tr(4"))V^. (5.9) 

In the above, the first inequality is just removing l/((i."^)^, and for the second inequality, see 
Eq. (12)] (or an extended result in [2]). Combining (|5.8|) and (|5.9p yields 

k 



17 



i=l 

An) 



Thanks to (j2.4p we obtain inequahty (j5.7p . 

Next, we prove ()5.6p . Since x^^ is operator concave on [0,+cx)) thanks to < 2s < 1, we 
have /?o*n — ^AniiPo^)'^^)- Hence inequahty (|5.8p is reversed. Inequahty (j5.9p is also reversed 
as follows: 



vi=l / i=l 



i=l 

^71 



= {Tr\kp\-T- 



In the above, the first inequality follows by the operator concavity of the square root function, 
and the second one follows from [11]. Hence we have inequality (j5.6p . □ 

Theorem 15.31 for s = 1/2 together with (15. Sp yields 
Corollary 5.4. // pi G Ai then 

lim -logF(po.n,/5i,n) = inf - log F{pQ n, Pl,n) = logF(po,Pi)- 

n^oo n ' n>l n 

Note that the logarithmic fidelity — log-F(- , •) is a generalized relative entropy in the sense 
that (i) it takes strictly positive values on unequal states and zero if its arguments are equal, 
(ii) it is monotonically decreasing under trace-preserving completely positive maps, and (iii) 
it is jointly convex in its arguments. In view of this. Corollary 15.41 is a direct analogue of 
Theorem 15.11 The extremal case in Example 16.11 of the next section shows that assuming the 
G-invariance of pi is essential for Theorem 15.31 and Corollarv 15.41 

As Example 16.21 shows, the G-invariance of pi does not imply the same asymptotics for 
the restricted and the unrestricted minimal error probabilities. However, one can still obtain 
the following non-trivial bound: 

Theorem 5.5. If pi ^ Ai then 

1 1 

lim -logPmm(Po" '■ pT) ^ liminf-logPmin(/Oo,n : Pl,n) 
n— »oo n V i n^oo rt 
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< limSUp-logPmin(PO,n : Pl,n) 
n—too IT' 

<l lim -logP^UpT--PT)- 
2 n— ►oo n 

Proof. By Lemma 15.21 and Corollary 15.41 we have 

1 lim - log P^inipT ■■ pT) = I log pgpi"^ 

2 n— »oo n 2 0<s<l 

> logF(/3o,Pl) 

= lim -logF(po,n,Pl,n) 
n— »oo 77, 

> limSUp-logPmin(/00,n : Pl,n) 

n— »oo 

thanks to (|5.4|) . Hence the last inequality follows, and the others are obvious. □ 
By ()4.2p - (j4.4p . the inequalities of the above theorem can be rewritten as 

-C{po,pi) < c^{po,Pi) < Cg{po,Pi) < -^C{po,pi). 

Comparing these with the inequalities of Proposition 14.21 and also taking account of Remark 
14.71 we have the following: 

Corollary 5.6. Assume that pi is G-invariant. Then 

^C{po,pi) < Cm{po,Pi) < C{po,pi). 

Moreover, ^C{pQ,pi) < Cm{poi Pi) holds whenever is dijjerentiable on (0,1). 

Remark 5.7. The constant 1/2 in Theorem 15.51 is actually the best possible, as will be seen 
in Remark 16.41 of the next section. This also shows that in the case of a differentiable ip, the 
bound ^C{po,pi) < Cm{po,Pi) < C{po,pi) is the best possible. 



6 Restricted vs. unrestricted measurements: examples 



In this section, we illustrate, through some examples, the difference between the performance 
of G-invariant measurements and that of unrestricted ones. As the following example shows, 
the difference can be as extreme as possible even in the classical situation where the densities 
corresponding to the null and the alternative hypotheses are commuting. This also shows 
that the assumption that pi is G-invariant cannot be removed in Theorem 15.11 



Example 6.1. (Two commuting states with Z2-symmetry) Let G := Z2 = {±1} 

and u be the representation of G on H := with u-i := ^ . Then the Z2-fixed 

point subalgebra of BiTL)®'^ is An = M2n-i © M2n~i . Consider a commuting set of states a\, 
< A < 1, given by 



:=Ai+)(+i + (l-A)|-)(- 



A 



1/2 
1/2 



1/2- 
1/2 



+ (1-A) 



1/2 
-1/2 



-1/2- 
1/2 _ 
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where |+) := (1/v^, 1/^2) and |-) := (1/^/2,-1/^/2). We write 



f" = J]V(l-Ar-^i?„„i with En,i:= ®i=i|ei)(ei 

i=0 ej=±,#{j:ej=+}=i 



Since u_-^En,iU_s{ = En,n-i, we have 



1=0 



Now let po := cta and pi := cr^ with any A,// G [0,1]. When < s < 1, noting that 
2^-1 (a" + 6^*) < (a + by < a' + for all a, 6 > and that Tv En,i = ("), we see from 
that Tr np\~^ is upper bounded by 



^ - ^T-r + (A"^^(i - A)^)^}{(/i*(i - pr~r~' + (/^"-^i - z^))'-^} f 

= f]{(AV-)^((i - A)^(i - + (A^(i - p)'-Ji{i - xyp'-T"'} 

= (Ay-^ + (1 - A)^(l - p^-T + (A'(l - Z')'"' + (1 - A)V-^r (6.2) 
and also lower bounded by 1/2 times (j6.2p . Therefore, 

V'(s) = max{log(A>i-^ + (1 - A)^(l - ^)i-^), log(A^(l - p)'"^ + (1 - XYp'-^} 
= max{V'°(s I ax \\ a^),il)°{s \ ax \\ o"!-^)}, < s < 1, 

where | ua || o"^) denotes ip°{s) for pQ = ax and pi = tr^. Note that 

^ fV'-ls I CTA II a,) if (1/2 - A)(l/2 -p)>0, 
\r{s\ax\\ai^^) if (l/2-A)(l/2-^) <0. 

In particular, ip is differentiable on (0, 1) except when A = and p = 1 or the other way 
around. 

Note that ai^^ = cr^o Adti_i, and (|6.3p yields 

Cm{po,Pi) = mm{C{ax,a^),C{ax,ai^f,)}, 
Huir I Po II Pi) = min{F(r | ax \\ a^),H{r \ ax \\ a^)}, r > 0, 
Sm (po II Pi) = min{S' {ax \\ a^,) , S {ax \\ c^i-^)}, 

and hence the first inequality in each of ()3.1ip - p.l3p hold with equality. On the other hand, 
(lOl) shows that if (1/2 - A)(l/2 - p) < then 



'ip{s) = '4)°{s\ ax II fTi_^) > ilf{s I ax \\ a^) = ^°(s) 

so that for any r > 0, 

CAf(po,pi) < C(po,pi), -ffA./(r I Po II pi) < i?(r I Poll pi), Sa/ (po || Pi) < 5* (po || pi) . (6.4) 
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The difFerentiabihty of ip on (0, 1) imphes that the identities of Remark 14.71 hold (as long as 
< ^ < 1), and hence (j6.4p shows that G-invariant measurements perform strictly worse than 
unrestricted ones in all of the settings of the Chernoff and Hoeffding bounds and of Stein's 
lemma. In particular, in the extremal case where po = ao and pi = cri, the two states have 
orthogonal supports and hence unrestricted measurements yield a perfect distinguishability, 
while one can easily see that po,n = Pi,n for all n so that the states are completely indistin- 
guishable with G-invariant measurements. Note that in this case ip{s) = while ip°{s) = —oo 
for ah seR. 

Finally, we show for completeness that ip{s) exists and is differentiable on the whole real 
line. Replacing A by 1 — A, ^ by 1 — ;U and s by 1 — s if necessary, we may assume that 
< A < /i < 1/2, since the cases A = and X = p are easy to verify. The ip{s) for s S [0, 1] 
has been computed above. When s < 0, since 

^■<^-^)"- + ^'-<^-^'' < A'd - A)"-. 1 < i < W21. 

we see from ()6.ip that Tr pQ^^p\~^^ is lower bounded by 

/.</-, ..\n~i \ 1-s 



i=0 

It is also upper bounded by 

i=0 



2 y 

i=[n/2]+l ^ ^ ^ 



i=0 

Hence, by Lemma lA. 51 of the Appendix we have 

. [n/2] , . 

v^(.)= lim -log^ r (AV-^r((i-Ar(i-^)i-'^r-^ 

n— >oo n ^ — ' \ I J 

_ Jlog(A>i-^ + (1 - A)"(l - pf~') if s* < s < 0, 

~ I f log A(l - A) + log p{\ - //) + log 2 if s < s*, 

where s* G (— oo,0] satisfies 

When s > 1, the computation using Lemma lA.Sl is similar. Summing up all, we write 

, , ^ f log(A^;ui-^ + (1 - A)''(l - pY~') if s > s*, 

wis) = < -, 

\|logA(l-A) + i^log/i(l-^) + log2 ifs<s*, 

which shows the differentiability of il^{s) at any s G R including s = s*. 
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The next example shows that in the settings of the ChernofF and the Hoeffding bounds 
the restricted measurements may yield a strictly worse performance even if pi is G-invariant. 

Example 6.2. (A pure state vs. an invariant mixed state with T-symmetry) Let 



Tl := and the states to discriminate be po '■- 
< a < 1. In the unrestricted scenario, we have 



1/2 1/2 
1/2 1/2 



and pi 



a 
1-a 



with 



r{s) := logTr p-'op[-' = log 
Since 

^{a^-' + (1 - a)^-') = -a^-' log a - (1 - a)^-' log(l - q) > 0, 
as 



we get 
Hence, by 



C{po,pi) = - min = -V'°(0) = log 2. 

0<s<l 



hm - log P^UpT ■■ pT) = -C{po,Pi) = -log2. (6.5) 



Now let G := T = G C : |C| = 1} and define the unitary representation 



1 
C 



, C £ IT, on H. It is easy to see that is diagonal with 1, . . . , standing in the 



diagonal entries, and C appears exactly (") times. Hence, 

n 
i=0 

and one can also see that the Bratteli diagrams of the inclusions CI C Ai C A2 C • • • form 
the Pascal triangle. Note that pi is G-invariant. The G-invariant reductions of p^" and pf" 
are given by 

" / \ 1 " 

PO,n = E^^p^) = E J P^^- = pT = E"'(1 - ^T~'En,i. (6.6) 

where E^^i is the identity of Af^n-j with X^"^q -Bn.t = and P^^i is a rank one projection with 
Pn,i < En,i. Therefore, 



Trpg>J-^ = X;((^)^) (a^(l-a)"-)i-, . G M. 



1=0 

Take a = a^^^ and 6 = (1 — a)^^^ in Lemma I A. 41 of the Appendix to obtain 



slog(a s + (1 — a) s )— slog2 if s > 0, 
(1 — s) log max{a, 1 — a} — s log 2 if s < 0. 



It is obvious that V is differentiable at any s 7^ 0. To check the differentiability at s = 0, 
assume a> 1 — a and set (3 := {1 — a) /a G (0, 1). Then, for s > we have 

4>{s) = (1 — s) log a + slog(l + I3~) — slog 2, 
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and the differentiability at s = follows from 

lim ^ ^ = limlogfl + /?— ) = 0. 

The case q < 1 — a goes in the same way, and the case a = 1/2 is easy to verify. Consequently, 
tp exists and is differentiable on the whole real line, and hence the identities of Remark 14.71 
hold. Moreover, by Lemma 13.61 and Theorem 15.11 

Q r n \ II ^ l>^^\ loga + log(l - a) 
Sm [Po II Pi) = S{po II pi) = ^ (1) = 



2 

so that the error exponents for Stein's lemma are the same in the unrestricted and the G- 
invariant cases. 

If a = 1/2 (i.e., pi = 2-^/2), then = -(1 - s)log2 = for all s > so that 

Cm{po,Pi) = C{po, pi) and Huir \ po \\ pi) = H{r \ po \\ pi) for ah r > 0. Therefore, by (|4.1U|) 
and ([63]) . 

lim -logPmin(po,n : Pl.n) = - log 2 = lim -\0gPmin{pT ■ pT)- 

n—i-oo n n^oo n 

Assume for the rest that a ^ 1/2. Then 

V'(O) = logmax{a, 1-a} > -log2 = V°(0), -0(1) = = 0°(1), 
and for any s £ (0, 1), 

thanks to the strict concavity of x , x > 0. Therefore, again by (j4.10p and (j6.5p . 
lim -logPmm(/Oo,n ■ Pi,n) = -Cm{po,Pi) > -C{po, Pi) = hm -logPmin(/of" : pf")- 

n— >oo n n^oo n 

Furthermore, for any r > —■0(1) = 0, by (j3.10p we have HM{r \ po \\ pi) = {—sor — 'ilj{sQ))/{l — 
So) for some sq G [0, 1) (see the proof of Lemma [A. 2p . and hence 

HM{r I Po II Pi) < : < H[r \ po \\ pi). 

1 - So 

Remark 14.71 then implies that 

hai'^ I Po II Pi) = Kir I Po II Pi) = Kir \ Po II Pi) = -HM{r \ po \\ pi) 

> h.{r I po II Pi) = K"^ I po II Pi) = K"^ I po II Pi) = -H{r \ po \\ pi), r > 0. 

That is, in both settings of the Chernoff and the Hoeffding bounds, the optimal performance of 
the G-invariant measurements is strictly worse than that of the unrestricted ones. Moreover, 
since the alternative hypothesis in this example is G-invariant, one sees immediately that the 
inequalities 

Gm(po,Pi)< inf G(po,pi o Adug), i?M(r | po || pi) < inf F(r | ,9o || pi o Adn^) 

gGG geG 
of (j3.1ip and (j3.12p cannot hold as an equality in general. 
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Remark 6.3. Note that if we reduce the group G in the above example, then the difference 
between the optimal performances of the restricted and the unrestricted measurements may 
disappear. Indeed, consider the subgroup G := Z2 = {±1} of T with the same representation 
as in Example 16. li Let pQ and pi be the same as in Example l6.2[ Then An = M2n-i © M2n-i 
as in Example 16.11 (but with a different arrangement of basis) and pi^n is the same as in (16. 6p 
while po,n is given by 

' 1 . \ ^ I 



PO,n - (^^^2-1 j © [2^-^^"-' 

where J2n-i is the 2"~^ x 2"~^ matrix of all entries equal to one. Since 

I . \ _ ( ^ 

we have 



i=0 ^ ' 

Hence the function ^ in this case is equal to '0°: 



1 V-M.„n-.n (ol^ + (1 - tt)!"^^" 

Q — 



2s+n~l 



V'(s) = hm -logTY/5g_> = log ^ = 

n^oo n ' ' 2 



and therefore, by Remark 14.71 

lim ilogP„,in(po,n : Pi,n) = hm -logPmin(p^" : a^"). 

n^oo 77, n— >oo 77, 

Remark 6.4. In the setting of Example 16.21 we have seen that 

1 . 1 



On the other hand, 



min ^{s) < -0(1/2) = -- log 2 = - min V;°(s). 

0<s<l L L 0<s<l 



1 — s 1 — s 

1-s _ \ — \ 1 ° log a + (1 — a) s log(l — a] 



V''(s)=log(a— + (1-q) — ) ^ ^ ^1^^^ ^-log2 

* a s + (1 — a) s 

and hence 

7/;'(l/2) = -2(alogQ + (1 - a)log(l - q)) - log 2. 
This shows that there exists an a* G (0,1) such that '^'(1/2) = for a. = a* (a numerical 

then 7/;'(l/2) = 0, and "0 takes 



a* 
1 - a* 



computation shows a* ~ 0.11). Hence, if p\ - 
the minimum at s = 1/2 so that 

Cm(po,Pi) = mill i\){s) = J min V'°(s) = lc{po,pi). 

0<s<l Z 0<s<l z 

Comparing this with (j4.10p . we see that the constant 1/2 in Theorem 15.51 is the best possible. 

Finally, we consider the discrimination problem of two pure states of a spin-^ system with 
G-invariant measurements, with G given as in Example | 
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Example 6.5. (Two pure states with T-symmetry) In the same settmg as in Example 
T2I let po and pi be pure states with densities 



^A(l - A) 1-A 



Pi ■-- 



p Vp(.^-p) 



- P) 1 - P 



where X, fi £ (0,1), A 7^ /x. By looking at how An in Example 16.21 is decomposed into the 
direct summands Af^-n-j for < -i < n and also by looking at the entries of /5®" and pf", it is 
easy to see that 

n n 

where J^n^ is the (") x (") matrix of all entries equal to one. Therefore, for any s € M, 

n 
i=0 

= E (fj (AV'-^)"-n(i - A)^(i - p)'-y 

= (aV"' + (i-a)^(i-^)^-^)". 



Hence we have 



V'(s) = - logTrpl^^p]-' = log{X'p^-' + (1 - A)^(l - pf-^) 



n 



for all s G R and all n E N. Consequently, is differentiable on M and by (|4.10|) . 

lim - logPmin(/Oo,n : Pi,n) = log min {X'p^'' + (1 - A)"(l - p)^''). 

n^oo n 0<s<l 

On the other hand, since 



we have 



ris) ■■= logTrpgpJ-^ = logTYpoPi = log(v/V+ v/(l- A)(l-/u)) 
lim - log PminipT ■■ pT) = 2 log(A/V + V(l-A)(l-/i)) . 



n—>oo n 



We notice that 



so that 



^min^(AV'-^ + (1 - A)^(l - p)'-^) > (TV + V(l " A)(l - p))^ 



lim -logPmin(po,n : pi,n) > lim -logPmm(Po" ■ pT) 

n—>oo n n—*oo n 



similarly to Example 16.21 An elementary proof of (j6.7p is as follows: Since 

(AV- + (1 - A)^(l - p)'"^) (Ai- V + (1 - A)^-^(l - pY) 
-(v^+\/(l-A)(l-^))' 



(6.7) 
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= {X^1 - A) V/xV(i - - aV(i _ A)5/if (1 - ^) > 0, (6.8) 



and 

X^-'fi' + {l-Xy-'{l-fiy <l, (6.9) 

we get X^fj.^"^ + (1 — — l^y^^ > + — A)(l — /i). Furthermore, since A / ^, 

the equality holds in (j6.8p only if s = 1/2, but inequality (j6.9p is strict when s = 1/2. (An 
extension of the inequality to the matrix case is known in [H Theorem 6].) 
Note also that we have ip{0) = ^(1) = and 

^P'iO) = -S{{fi, 1 - /.) II (A, 1 - A)), ^''(l) = 5((A, 1 - A) || (//, 1 - ^)), 

where ^((A, 1 — A) || (/i, 1 — //)) is the relative entropy of (A, 1 — A) and {fj,, 1 — fi). We have 

5(/50,n||/3l,n)=X;(!)^""'(l 
k=Q ^ ^ 

= 7iA log — h n(l 

for all n E N and hence, 

Sm {po II Pi) = S((A, 1 - A) II (^, 1 - ^)) = ^'(1). 

On the other hand, S{po \\ pi) = +oo > Sm {po \\ pi). This shows again that Theorem 15.11 
cannot generally hold, that is, the assumption pi G cannot be removed. 



Xf\o: 



XY { (n - k)\og- + k log - — - 
P 1 



A)lo^ 



1 - A 
1^ 



7 Concluding remarks and problems 

The asymptotic binary state discrimination problem can be formulated in a very general way, 
with two sequences {/9o,n}nGN and {pi,n}neN to be discriminated. Here, /?o,n and pi^n are states 
on BiTLn) of some Hilbert space Tin, where TLn+m = "^n ® "^m need not be assumed; see, 
e.g., |24t I17j . To get a complete solution of the problems of the Chernoff and the Hoeffding 
bounds and of Stein's lemma, i.e., to show the identities of Remark 14. 7| the key point is to 
show that (j4.5p holds with equality for a suitable range of parameters a. This can be done, 
for instance, by showing that the states satisfy a certain factorization property [16^ flTj or 
that the function ip exists and is differentiable on the interval (0,1) [171 [2H I22j . As the 
examples of Section [6] suggest, one can expect the differentiability of ip to hold in our setting 
of group-invariant state discrimination. The main open question of the present work is to 
show that this is indeed the case. 

Once the '(/'-function (and, in an optimal situation, its differentiability) is obtained, the 
identities of the error exponents and the corresponding asymptotic statistical distances follow 
quite automatically. In this sense, the results of Section S] do not depend much on our 
present setting of group-symmetric measurements. On the other hand, the determination of 
the ?/;-function requires significantly different techniques in the different scenarios; see, e.g., 
|17^ [2H [22] for example. The key technical tool that we used in the present setting is the 
monotonicity of quasi-entropies under stochastic maps. It is worthwhile to note that our 
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analysis works whenever the states to discriminate are defined on a sequence of algebras 

{^„}„gN that satisfy An Am C An+m- 

Stein's lemma can be considered as an extremal point of the family of the Hoeffding 
bounds. In this sense, Stein's lemma is the most asymmetric scenario, which gives a heuristic 
support for the validity of Theorem 15.11 which says that G-invariance of the measurements 
does not mean a real restriction as long as the alternative hypothesis is also G-invariant. It 
is, however, somewhat surprising that such an asymmetric condition can yield the bound of 
Theorem 15.51 in the totally symmetric discrimination problem of the Chernoff bound. On 
the other hand, we conjecture that if the symmetry group G is finite and the alternative 
hypothesis is G- invariant, then the function ip is actually equal to ^° of the unrestricted 
setting, and hence G-invariant measurements yield the same optimal error exponents as the 
unrestricted ones. This would of course also implies that all the inequalities of (|3.1ip - (l3.13p 
hold with equality. 
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Appendix A 

The appendix supplies, for the reader's convenience, the details on some technical lemmas 
used in the main body of the paper. 

A.l Lieb's concavity and Ando's convexity 

Let B{Ti.)^ and B{7i)++ denote the set of positive semidefinite and strictly positive definite 
operators in B{7i), respectively. When < s < 1, Lieb's concavity theorem says that the 
function 

{A, B) ^ T:vX*A'XB^-' (A.l) 

is jointly concave on B{7i)+ x B{7i)+ for any X G B{7i). When 1 < s < 2, a complementary 
result due to Ando [U §4] says that the map {A, B) i— > A* (8) B^~^ is jointly convex on 
BiJ-Cj+j^ X B{TC)j^+. This joint convexity is equivalently formulated that the function (jA.lj) is 
jointly convex on i3(W)++ x B{n)++ for any X £ B{n). Indeed, the map U : B{n) H^H, 
X ^ Xci (8) ej is a unitary for any orthonormal basis {ei} of TL if BiTL) is equipped with 
the Hilbert-Schmidt inner product, and the two formulations are easily seen to be unitarily 
equivalent with any such U . Ando's convexity result can slightly be extended to the following: 

Lemma A.l. Let X G B{7i) he arbitrary and 1 < s < 2. Let Q G B{7i) he an orthogonal 
projection. Then the function (lA.ip is jointly convex on B(7i)+x{B G B{TC)+ : suppi? = Q}. 
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Proof. Since the case s = 1 is trivial, assume that 1 < s < 2. For Ai, Bi, A2, B2 G I3{TC)+ 
with suppSi = suppi?2 = Q, apply Ando's result to ^ := A^ + el, B^^e := Bi^ + e^^{I — Q) 
to obtain 

(A^i,, + (1 - X)A2,ey ® (ABi,, + (1 - X)B2^e)^-' < XAl, B\-' + (1 - A)A|_, ® B];/ 

for any A G (0, 1) and e > 0. Taking the limit as e \ yields the assertion since 

(Ai?i,, + (1 - \)B2,ef~' 

= {XBi + (1 - X)B2y-' + e'-\l -Q)^ {XBi + (1 - X)B2)^~' 

as well as bI'/ bI'". □ 
A. 2 Mean Hoeffding distance 

Lemma A. 2. Let ip be a convex function on the interval [0, 1] and ip be its Legendre-Fenchel 
transform, i.e., ip{a) := supo<s<i{as — ip{s)}, a S M. Then for every r > 0, 

—sr — ip(.s) 

sup ip{a) = sup . (A. 2) 

a:tp(a)-a>r 0<s<l 1 — S 

Proof. Define 

(p{a) := If (a) — a = sup {a{s — 1) — V'(s)}, a € M. 

0<s<l 

The following properties can easily be seen by definitions: 

(i) 93 and ip are convex and continuous on M, 

(ii) 93 is increasing and ip is decreasing on M with (p{a) — > +cxd, (p{a) — > —tp{l) as a — > +00 
and ip{a) —^p{0), (p{a) +00 as a — > —00. Moreover, (p is strictly decreasing on 
(-oo,a-V'(l)). (See [HI Lemma 4.1].) 

First, assume that r < —'(/'(I) or that r = —'(/'(I) and d~'il){l) = +00. Then (^(o) > r for 
every a G M, and the left-hand side of ()A.2p is +00 since lima^+00 f{o) = +00. On the other 
hand, since 

-^r-jW ^ m - Ms) s ^ 

1 — S 1 — S 1 — S 

we have 

—sr — ipis) 

lim = +00 

syi I - s 

and hence the right-hand side of ()A.2|) is also equal to +00. 

If r = —ip{l) and < +00 or if r > —^(1), then there exists an a^. such that 

ip{ar) = r and (p is strictly decreasing on (—00, a,.]. Thus, the left-hand side of ()A.2p is ip{ar). 
Assume that r = and d^ilj{l) < +00. Then Or = and 'p{ar) = d~'tlj{l) 

On the other hand, by ()A.3P and the convexity of "0) we have 

sup zfL^JM = -^^-^(^) = O-^^i) _ v,(l). 

o<s<i 1 - s s/i 1 - s 
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Next, assume that r > —ip{l), and define Sr ■= argmaxo<5<i{ar'5 — tp{s)}. Then Sr < 1 and 

r = ar{Sr — 1) — i^iSr) > 0.r{s — 1) — ^(s), < S < 1, 

so that ttr > (— r — — s) for any < s < 1 with equality for s = Sr- Therefore, 

ip(ar) = a^Sr — 1p(Sr) > CLrS — Ipis) > , < S < 1, 

1 — s 

and equahty holds for s = s^- Hence we see that the right-hand side of ()A.2p is also equal to 

A. 3 Conditional expectation with discrete Weyl operators 

Lemma A. 3. Let m,d €N and E he the conditional expectation (i.e., the partial trace) from 
Mm (8> Md onto Mm ® Id with respect to the trace. Then there are unitaries Ui, . . . , U^2 in 
Im Md such that 

1 

for all A £ Mm <8) M^. 

Proof. Let denote the additive group of {0, . . . , d — 1} with the modulo d addition. Let 
{cj , j G Ijd} be a basis in and define Uej := Cj+i and Vej := w^ej for j G Z^, where 
w := e*^'^/'^. The so defined operators satisfy the commutation relation VU = wUV . Let 

Wk := w''^'''/^ V^^ ^7'=^ k = ih, k2) G {Zdf, 

which are the so-called discrete Weyl operators. It can easily be seen that 

Wo = I, Wl = W.k. WkWl = u;(^i'2-fe/i)/2 ^^^^^ 

and TrWfc = 5^^ for all k,l G Z^. Hence the Weyl operators are unitaries, and moreover 
W := {d'~^/'^Wk ■ k G (Zrf)'^} is an orthonormal base for M^ with respect to the Hilbert- 
Schmidt inner product. As a consequence, the commutant of W is C/. One can see by a 
straightforward computation that for any A G M^, 



•d 



is in the commutant of W and hence it is a constant multiple of the identity. Since Tr E{A) = 
Tr A, we have E{A) = d~^(Tic A)I. Setting Uk ■= Im ® Wk yields the assertion. □ 

A. 4 Limiting formulas 

Lemma A. 4. For any s G M and any a,b > 0, 

\ 1/" 



lim y 

n— >oo \ ' 



•.1=0 



max{a, 6} if s < 0. 
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Proof. If a = or 6 = 0, then the equahty is trivial. If a, 6 > then we may assume 6 = 1 
by homogeneity. Since 

fes (:)'«-)"" ^ (g (")'"')"" ^ ^>""(o?s (:)'«■)""• 

what we have to prove is that 

'ny A^/" f(aV« + l)^ if s>0, 



hm ( 



max 



n~*oo\o<i<n \i J J I max{a, 1} if s < 0. 

that is, 

fs^fn\ i \ /log(ai/- + l) ifs>0, 
hm max — log . H — log a ] = < 

n^coo<i<n\n \i J n J Imaxjloga, 0} if s < 0. 
Since the Stirhng formula gives 

- log ( ™ ) + - log a = s ( -- log - - ( 1 - - ) log ( 1 - - ) + o(l) ) + - log a, 
n \i J n \ n n \ nj \ nj J n 

we may show that 

^ , , fslog(ai/^ + 1) if s > 0, 
max hsix) = < 

o<a;<i [max{loga,0} if s < 0, 

for 

hs{x) := s{—x logx — {1 — x) log(l — x)) + xlog a, < x < 1. 

Notice that ^ 

h's{x) = slog hloga, < X < 1. 

X 

When s > 0, the maximizer xq of hs{x) satisfies 

1 1 - 2;o , 1 , , 1 

s log = — log a or — = 1 + 



xq xq a}/'^ ' 

and the maximum is 

1 — Xq 

hs{xo) = sxo log s log(l - Xo) + Xq log a 

Xo 

= —s log(l — Xq) = s log h log a = s log(a"'^/* + 1). 

Xo 

When s < 0, hs{x) takes the maximum at either x = or x = 1, so that the maximum is 
max{loga,0}. □ 

Lemma A. 5. For any a, 6 > 0, 



/ \2y/ab if a > b. 



i=0 ^ ^ 
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Proof. Since the case a = or 6 = is trivial, we assume that a,b > 0. As in the proof of 
Lemma lA.41 letting 6 = 1 we may prove that 



where h{x) denotes hs{x) with s = 1 in the proof of Lemma |A.4[ It is indeed seen since the 
maximum of h{x) on [0, 1/2] is taken at a; = a/(a + 1) if a < 1 and at a; = 1/2 if a > 1. □ 
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